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Using Aluminum for Space Propulsion

Antonella Ingenito* and Claudio Bruno®
University of Rome “La Sapienza,” 00185 Rome, Italy

The combination of aluminum and water was theoretically analyzed to assess its performance potential for
space propulsion, in particular for microrocket applications and whenever a compact package is desirable. Heat
of reaction, impulse density, and handling safety are features making this combination interesting for chemical
thrusters, especially because thrust is higher than typical of satellite electric thrusters. Ideal specific impulse Ip,
thrust coefficient, adiabatic flame temperature, and combustion products were calculated for chamber pressures
1-10 atm, nozzle area ratios 25-100, and mixture ratios O/F 0.4-8.0. I, reaches up to 3500 m/s. Also, the effect
of hydrogen peroxide addition to aluminum and water on performance was explored. This combination improves
performance slightly at the expense of simplicity, making it less attractive for microrocket engines. Ignition delay
times were conservatively estimated assuming that aluminum was coated with its oxide and ignition occurred
after the melting of the aluminum oxide. For this purpose heating and kinetics times were evaluated, the first
by a one-dimensional physical model, the second by a reduced scheme. Results indicate that the heating time of
a 0.1-pm-diameter aluminum particle may be of order 0.4 s, whereas overall Kkinetics takes 10 us: thus, the
Al/water combination looks practical in principle for microrocket chambers characterized by short residence

times.

Introduction

LUMINUM and water have been proposed as propellants both
for space' and for underwater propulsion,>? where seawater
plays the same role as freely available air in airbreathing engines.
This propellant combination, as well as its products, is nontoxic and
can be called “green.” Interest in it was also recently spurred by the
commercial availability of Al nanoparticles (ALEX™)* and by re-
ports of their successful use in liquid hydrocarbons/air combustion,
where their high specific surface area would suggest rapid burn
times. The combustion of an aluminum ‘grain’ or porous sponge
with steam could form the basis for an alternative hybrid rocket mo-
tor; steam production could be integral to the regenerative cooling
system, that is, produced from water by heat transfer from the com-
bustion chamber. Last, a remarkable option is to burn pure Al with
water, bypassing the heating and melting problems posed by its ox-
ide. This is made possible by specialized manufacturing, resulting
in a hypergolic hybrid motor.
Thermodynamically, this propellant combination is interesting
because of its high heat of reaction. Pure (bare) Al reacts exother-
mically with oxygen, following the global reaction

2A1(s) +3/20,(g) < ALOs(s)

[A Hge (298 K) = —404 kcal/mol] (1
In an oxygen environment, Al is rapidly coated by a layer of alu-
mina (Al,O3). In fact, Friedman and Macek® assume that aluminum
reactions are frozen at temperatures below the melting temperature
of Al,O; (2327 K at P =1 atm). If so, ignition is then controlled
by the heating and melting of the Al,O; layer and by Al-O, surface
oxidation kinetics.

Once ignition occurs whether or not Al burns heterogeneously
depends on the so-called Glassman criterion (see Refs. 6-8). In its
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final form® this criterion states that a metal burns in the vapor phase
if its boiling temperature (2792.15 K for Al at 1 atm) is lower than
the volatilization temperature of its oxide. In fact, for a liquid or
solid fuel to burn as a vapor, its flame temperature must be higher
than its fuel saturation temperature, so that it can vaporize, diffuse
toward the oxidizing atmosphere, and react.® Thus, were pure Al
vapor to burn with O,, the adiabatic flame temperature would be
much higher than the Al,O; boiling point and correspond to the
volatilization temperature (of order 3500 K at P = 1 atm). Actually,
the flame temperature of an oxide-coated Al particle has instead an
upper limit, that is, the boiling temperature of the oxide, because the
boiling enthalpy of Al,O3 is greater than that available, that is, the
reaction enthalpy of Al [A Hg- (298 K) = —404 kcal/mol for Al/O,]
minus the enthalpy required to heat Al,O5 above its boiling point
(Table 1).

So, according to Ref. 6, ignition of an oxide-coated Al particle oc-
curs only after the Al,O; layer melts. Lowering the ignition tempera-
ture of Al is possible in principle by oxidizing Al with steam follow-
ing the reaction Al(s) + 2H,0 = AIOH(s) + 3/2H,: thus, in a steam
atmosphere, Al particles are covered by a less protective hydroxide
layer, requiring ignition temperatures in the range 1600-1700 K,
and shortening ignition delay.” Oxidizing AIOH with water follows
the reaction 2AIOH + H,0 = Al,05(s) + 2H,. Summing the two
reactions, one obtains

[AHR-(298K) = —230 kcal/mol] 2)
Gurevich (see Ref. 10) found that the ignition temperature of (2)
was considerably lower than the Al,O; melting point, depending on
the crystal structure of the AIOH oxide film initially covering the
surface of aluminum. The energy release of Al and water, reaction
(2), is about half of that of reaction (1). It is possible, in principle,
to burn H, produced by (2) with additional (stored) O,:

3H;(s) 4+ 3/20,(g) <> 3H,0(g)

[AHR- (298 K) = —174 kcal/mol] 3)
In other words, following reactions (2) and (3), itis possible to obtain
reaction (1) and the same energy release, but with less demanding
ignition requirements. Reaction (3) does not need an external igni-
tion source because H, produced in reaction (2) will be above its
temperature of autoignition with O,. On the other hand, in a space
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Table 1 Characteristic standard temperatures and energies
of aluminum and alumina

Parameter Aluminum Alumina
Melting temperature 933.52K 2327K
Boiling temperature 2792.15 K 3273 K
Volatilization temperature —_— 3450-4000 K

Melting heat 2.57 kcal/mola;
Boiling heat 70 kcal/mola;
Volatilization heat —_—

28.29 keal/molal,0,
444 kcal/mola,0,
444 kcal/mola,0,
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Fig. 1 I, vs O/F for Al-H;O system at P=1 atm.

00

3000

2300

= 2800
E
Formn

2600

2300

2400 -
0.7 1.2 OF 1.7

Fig. 2 Ispy, vs O/F for Al-H;O system at P =5 atm.

thruster this strategy would complicate matters, requiring a pressur-
ized O, tank or pumping. Simplicity and reliability being among the
most important satellite (micro)propulsion requirements, this option
was not examined further.

Ideal Aluminum—-Water Rocket Performance

The purpose of this section is to assess the ideal performance
potential of pure Al/steam combinations in terms of adiabatic flame
temperature, combustion products, specific impulse in vacuo, and
thrust coefficient. The option of adding H,0O, to Al and steam was
also analyzed. Rocket performance was calculated using NASA’s
CEAG600 equilibrium code.'" Although its assumptions are highly
idealized, they provide a good initial yardstick to preliminarily
gauge potential rocket propellants candidates. Assuming initial re-
actant temperature 300 K, results indicate a specific vacuum impulse
I, of order 3000 m/s over a wide range of pressures, oxidizer-to-
fuel-weight ratios O/F, and expansion ratios (ER). The dependence
of I,,. on pressure and O/F is mild; the main performance param-
eter is ER (Figs. 1-5).

High equilibrium temperatures (Fig. 6) also explain the high con-
centrations of atomic H (Figs. 7 and 8). In Figs. 7 and 8, going from
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Fig. 3 Iy, vs O/F for Al-H;O system at P =10 atm.
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Fig. 5 Iy, vs O/F for AI-H;O system (ER =100).

left to right, pressure and equivalence ratio grow respectively from
1 to 20 atm and from 0.4 to 8. These temperatures are in the same
range as those predicted in Ref. 6 for Al/O, combustion, that is, those
of Al,Oj3 volatilization (3450—4000 K), corresponding to the flame
temperature if Al vapor reacts with O,. Actually, for Al,Oz-coated
Al, the flame temperature will be lower, but the CEA600 code cannot
account for the heat to bring Al,03 above its boiling point. Because
the A Hy of the Al/H,O reaction (~ —230 kcal/mol) is insufficient
to vaporize the oxide, the combustion temperature has the oxide
boiling temperature as ceiling. In fact, vaporizing the coated metal
particle would include about 38.3 kcal/moly),o, (at P =1 atm) to
heat Al,Oj3 to its melting temperature (2370 K), ~28.3 kcal/molay,0,
to melt it, and ~17.9 kcal/molAl,O3 to heat it to its boiling point
(3273 K). Extra heat will also be required to vaporize water, that
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Fig. 8 Species for Al-H,O system (P =1 atm, ER =100).

is, ~0.557 kcal/moly,o (corresponding to 0.1 kcal/mola,0,) to heat
it to its boiling point and 9.71 kcal/moly,o (1.74 kcal/molay,o0,) to
boil it. The heat available to vaporize the oxide is the difference
between the heat released by combustion (—230 kcal/mol) and that
necessary to heat and boil the reactants (88.47 kcal/molAl,O3). Be-
cause the oxide heat of vaporization (444 kcal/molAl,O;) is larger,
the flame temperature will reach up to and stay at the oxide boiling
temperature.

These temperatures may pose severe material problems in prac-
tical operation unless the equivalence ratio is reduced (O/F in-
creased), the adiabatic flame temperature dropping due to the effect
of excess water and of the heat absorbed by the endothermic reaction
Hz — 2H.

Lower temperatures are beneficial to materials strength, but be-
low the boiling temperature of Al, chemical reactions will occur on
its surface, not in the gas phase, and kinetics may be slow. Thus,
in order to ensure that Al and water react in the gas phase, the
O/F should not be too large; that is, temperatures should be above
the Al boiling point (besides, too low temperatures also lower Iy,
and density Iy,). Reasonably high temperatures help in keeping a
flame anchored in microrocket chambers,'?> where combustion is
less stable because of inherently larger heat losses due to the high
surface/volume ratio. The effect of varying the mixture ratio O/F
is shown in Figs. 8-10 for conditions representative of some micro-
rocket applications (P =1 atm, ER = 100).

Figure 8 shows that, at lean equivalence ratios, the principal prod-
ucts of Al-water combustion are condensed Al,O3 and H,. Increas-
ing O/F from 0.4 to 1 leads to complete Al conversion and forma-
tion of Al,O3(L). Because its concentration is high, two-phase-flow
losses and severe hardware problems should be expected. These
problems could be overcome by properly choosing O/F'. Figures 8
and 9 show that the temperature of the products is the result of com-
petition among the heat released by exothermic reactions forming
Al O3(L), the heat absorbed by the endothermic reaction H, — 2H,
and the presence of excess water. Figure 10 shows that choosing
O/F ~4.4yields an I, . of about 2600 m/s with moderate temper-
atures (=2400 K) but slower heterogeneous kinetics. When O/F is
reduced to 3, flame temperature rises to 2800 K, higher than the boil-
ing temperature of Al, so that kinetics may become homogeneous.
Iy, 1s about 2750 m/s.

“Frozen” performance is shown in Figs. 11 and 12 in a restricted
range of O/F (5.2-7); outside this range the temperature is lower
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Fig. 9 Temperature vs O/F for Al-H,O system (ER =100).
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than the condensation temperature for Al O3. Within this range there
are no substantial differences between the two cases (equilibrium
and frozen).

The effect of adding hydrogen peroxide to water was also briefly
investigated. Figure 13 shows that 65% H,0,-35% water (i.e.,
commercially available peroxide) raises Iy, over a broad range of
O/F > 1.1 and with pressure; at P = 10 atm I, is ~3000 m/s (with
ER = 100). For both (Al/H,O and Al/H,0/H,0,(65%), the ideal
thrust coefficient Cg stays constant with O/ F and equal to 1.74 for
all values of O/F examined. Figure 14 compares mole fractions at
the combustor exit; even though adding hydrogen peroxide increases
the average molar weight from 20.8 to 21.3, I, .. increases because
the combustor temperature increases from 3140.46 to 3283.47 K.

|
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Fig. 14 Species mole fractions at P=1 atm, O/F =2, ER =100.
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From a practical viewpoint, however, commercial-strength hy-
drogen peroxide could pose safety and storage problems compared
to water and complicates a microrocket engine. If simplicity and
thrust are preferred to higher specific impulse, water looks to be a
better oxidizer.

Figure 15 compares the specific impulse obtained by Al/H,O
combustion to the ideal performance of a methanol-oxygen micro-
rocket, where methanol (CH3;0OH) is cracked prior to being burned
with oxygen."?

At P =1 atm, O/F =1, and 10-to-100 area expansion ratio, Al—
water has a 3% higher I, .. with respect to methanol/oxygen and
without the problems posed by O, storage in space. So the density Iy,
reached by the Al-water combination makes it potentially attractive.
Further, the Al/H,O specific impulse (up to ~350 s) compares favor-
ably with that obtained by current hydrazine microrockets (~220 s)
and hybrid microrockets (~270 s) (Ref. 14). A further advantage is
that storing liquid water is feasible in a broad range of temperatures
and pressures, ensuring lighter and more compact propulsion and
tankage systems.

Burning Aluminum Particles with Steam:
Heating Times

The ideal Al and steam thermodynamic performance shown in
the preceding section is interesting enough to followup on with an
evaluation of Al particle heating and of oxidation kinetics. Because
commercially available Al is covered by an Al,O; layer, this section
analyzes heating and melting times of a single particle of Al coated
by a layer of Al,Os. In fact, no reactions are assumed to occur
before Al,O3; melts. Heating and melting times contribute to the
overall combustion time of a particle and have an impact on flame
anchoring, and so they must be estimated.
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Fig. 16 Geometry of the heating model.

The heating model assumes that P =1 atm and O/F =1; the
adiabatic flame temperature for pure Al and water, calculated in
the preceding section, is ~3450 K (see Fig. 7). However, because
the adiabatic flame temperature cannot be higher than the Al,O;
boiling temperature, we assumed this same temperature (~3272 K)
for the hot gas surrounding the metal particle. In this environment,
the Al,O; coating must be heated from 300 to 1700 K, at which it
melts; once it is completely melted, the temperature starts to increase
again up to the Al,O; boiling point. For simplicity, in estimating the
Al,0O; and Al heating, it was assumed that the Al core begins to
heat after the Al,O; melts and that, once the Al core reaches its
melting point at 933 K, Al,O3 begins heating up to its boiling point.
Then Al again starts heating up to 2792 K and boils. This is a rough
assumption, but it provides a faster and conservative estimate of
heating times.

The Al,O; melting time was calculated by solving the Fourier
equation up to the phase change. Because the oxide thickness #4,0,
is 1/10 of the Al radius (Ra; ~ 1 mm), a one-dimensional planar
analysis is convenient, again providing a conservative time estimate.
The geometry is shown in Fig. 16.

The governing equations consist of the energy equations for the
solid and liquid Al regions and the momentum and mass conserva-
tion equations for the liquid.

The Fourier equation in the solid (subscript s) is

oT, _ 9T,
ar

4
o @)
where o, =k, /p;c;. Assuming no mass forces and zero bulk vis-
cosity, the mass, momentum, and energy equations in the liquid
(subscript 1) are

av
— =0 5
P &)
dv av ap 3%v
— — = —_—— D 6
pl(ar“Lvax) ax T ©

o | T, & %)
an oL _ 9T
at ax ax2

where oy = ki /p;cy, v is the particle velocity, and «, k, p, and c are,
respectively, thermodiffusivity, thermal conductivity, density, and
specific heat.

During the melting process, the liquid/solid interface moves; thus
the boundary conditions (BCs) are time dependent. Furthermore, the
two phases have different thermophysical properties. To avoid solv-
ing for momentum and mass equations, it was assumed that 1) the
change of volume on solidification can be neglected, so that the
density is the same in both solid and liquid phases, p; = py, and
2) the liquid is quiescent (v = 0), so that heat transfer is due only to
conduction.

Atthe interface X (), between the liquid and solid phases, bound-
ary conditions (8) and (9) are as follows:

T =T =Tm ®)

when x = X (¢) (the subscript m refers to the melting conditions).
The second boundary condition concerns the absorption of latent

0-1 \ T [ [ T 1
0.08 x> X => Al20s liquid phase
A
= N\,
0.06
0
8 N\
=
X
© 0.04
<
o
EN 0.02 i
x < X => Al,0; solid phase \
0 ! I I I !

0 05 1 15 3 35 4

.2 25
time (us)
Fig. 17 Alumina separation surface X history (Ry; =1 mm).

heat, L, at this surface. In fact, the heat supplied by conduction is
equal to the heat L, dX absorbed per unit area, when the separation
surface moves by a distance dX; that is,

oT; aT; dx

— — k =Lo— 9
0x T ox pdr ©

ki

To solve Egs. (6-9), additional boundary conditions have to be pro-
vided. In particular, the Al,O; boundary conditions are

TAR0s — TAR% — 300 K, t=0,x>0 (10

1% = 1% = T, = 3273 K, x=0,7>0 (11)
This means that in the region 0 <x < tAl,O; is initially solid
at T, =300 K; the surface x =0 (the separation surface between
the oxide and the hot gas) is maintained at constant temperature
T, =3273 K, above the the Al,O3 melting point (~1700 K). The
subscript 0 indicates the initial condition at T = 0; g refers to the gas
phase and b to the boiling condition the solution of Egs. (4-7) (see
the Appendix) is

T, =T+ — om0 fo (12)
s — 1o eric
erfe[A/(a/a)]  ZV/aT
T - Tm
f=r, - LT gy X (13)

erfA 2/at

with the constant A = —1.

For the condition investigated (P = 1 atm, O/F =1, Ry; =1 mm,
ta1,0, = 0.1 mm), Fig. 17 shows that the time required to melt the
Al O3 is about 4.2 us.

Figure 18 shows Al,O5 heating times of order 0.042 ps. Once
Al melts, ignition of the Al surface may take place. However, for
fast kinetics, reactions should occur in the gas phase: thus, the time
required to heat the whole metal particle up to its boiling point
was calculated by estimating Al heating, melting, and boiling times
and adding them to the time to heat Al,O3 up to its boiling point.
Al core heating and melting times were calculated using the same
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Fig. 18 Alumina separation surface X history (Ry;=0.1 pm).
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Fig. 19 Aluminum separation surface X history (Ra; =1 mm).

equations reported in the Appendix. To simplify calculations, Al
particles were assumed to heat and melt after the oxide reaches its
melting temperature. Although conservative, this assumption makes
it possible to estimate heating and melting times quickly. The Al
boundary conditions are

TSA] — TOA] = 300K, =0, x>0 (14)

TlAl — Tn‘?bo} = 1700K, x =0, >0 (15

where now x = 0 corresponds to the separation surface between the
Al solid core and its liquid oxide. The solution for the Al temperature
(Fig. 19) shows an Al melting time of about 9.8 ms; that is, under
these conservative assumptions, heating of the particle is essentially
controlled by Al heating.

The same analysis was performed assuming a nanoparticle of
radius 0.1 pm. Figure 20 shows that the time required to melt the
Al particle completely is about 0.098 ps. Thus the Al,O; heating
time (0.042 ps) is negligible compared to that of Al: the total time
needed to heat and melt the particle (Ry; =0.1 pm) is ~0.098 us.

Based on these times, the heat necessary to raise the tempera-
ture of the Al,O3 coating (for an Al particle of radius 1 mm) up
to its boiling point is about 1600 klJ/kg; the corresponding ther-
modiffusion time is £ =13, o /"> =16.4 us. To heat Al
from melting to boiling, about 2137 kJ/kg is needed. The time
estimated is 74k = R3 /e =0.0317 s. For a 0.1-um-radius par-
ticle, the same estimates obtain: tﬁtz—% =0.164 ps, té‘}}-f: 317 ps.
These results are summarized in Table 2, showing very rapid heat-
ing and suggesting that ignition could be controlled by Al-steam
kinetics.

Table 2 Al heating times for 1-mm and 0.1-psm 1 particles

Al particle radius: 1 mm Al particle radius: 0.1 um

Parameter Al core Al layer Al core Al layer
Heating up 9.8 ms 4.2us 98ps 0.042 ps
to melting
temperature
Heating up 0.0317 s 16.4s 317 ps 0.164 ps
to boiling
temperature
Total heating time  0.0415 s 20.6us 415 ps 20.6 ps
1 | [ ]
E 08 x>X => Al liquid phase
-
S,
0.6
E N
B \
S
o 0.4 \
2
t
8 021
<
x <X => Al solid phase
0 : : ; ~
0 2 4 6 8 10

time [10 ps]

Fig. 20 Aluminum separation surface X history (R5; =0.1 pem).

Kinetics and Ignition

Al ignition data are scarce, so the present calculations were re-
stricted to gas-phase reactions only by separating the ignition reac-
tions that form AlO and AlO, (only mildly exothermic) from the
much faster and more exothermic heterogeneous condensation and
completion reactions that form Al,Os. Detailed ignition of a single
Al nanoparticle will be investigated in a separate study now under
way. Al-steam mixtures were therefore assumed to be preheated
at T =3273 K, that is, higher than the Al,O; melting and boil-
ing points. Gas-phase kinetics was simulated using rates k3—k¢ in
Refs. 15-17. A detailed kinetic scheme is as follows:

Surface reactions:

Alg — Al (R1)
Alg + Al — ALO (R2)
Gas phase reactions:
Al + 0, - AIO 40
k3 = 9.76 x 107 exp(—80/T)m>*mol !s™! (R3)
AlO 4+ O, — AlO, + 0O
ky = 4.63 x 10% exp(—10,008/T) (R4)

Al + H,0 — AIO + H,

ks = (1.9 £ 1.5) x 10* exp[—(442.87 £ 221.44)/T]

+ (1.6 £0.7) x 10 exp[—(2868.6 £ 452.94)/ T (R5)
O+0+M— O, +M, ks =6.17 x 107 x 7703 (R6)

Dissociation reaction:
AL O3 — 2A10 +1/20, (R7)

Condensation reactions:

2A10 + 1/20, — AL Os, (R8)
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Fig. 21 Temperature vs time for AI-H,O system (O/F =1, P =1 atm).
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Fig. 22 Species mole fractions for AI-H,O (O/F =1, P =1 atm), R3-R6
only.

2A10 + H,0 — ALOs, + H, (R9)
ALO + 0, — AL,Os, (R10)

ALO + 2H,0 — ALOj3, + 2H, (R11)
AlO, + AIO, — ALOsq, 4+ 1/20, (R12)

Reactionrate (R5) indicates that Al and steam combustion follows
two reaction paths, the first dominating at low temperatures, the
second at high temperatures.!” Kinetic calculations are performed
at high temperatures, and so only the second path was considered.

Figure 21 shows that after 10 s the temperature decreases from
2800 K (initial) to ~2660 K due to the rapid endothermic formation
of H atoms (Fig. 22). Comparing these times to those associated with
heating, the conclusion is that Al/steam combustion will indeed be
controlled by kinetics or, possibly, by mixing. Even so, the present
simulations predict ignition delays of order 107> s at pressure 1 atm.

Flame Anchoring in Microrockets

In typical turbulent flames (Re ~ 103-107), kinetic times of order
0.1 ms or shorter are a sign of stable flame anchoring. For micro-
rocket applications, however, this estimate must be consistent with
the physical size of the device. Assuming conservatively a scale
of 1 cm and a rocket pressure of 20 atm, the Reynolds number
could reach 10° to 10°, and the Kolmogorov scale 1073 to 10~ cm.
Turbulent (mixing) times (~k/e) in this range of Reynolds num-
bers, using the Taylor scale for reference, are therefore of order
0.1-0.01 ms, that is, of the same order of kinetics (though calcu-
lated at much lower pressure). Although these are crude estimates,
they point to a possible distributed combustion regime rather than
to the “thin flame” or flamelet regime more common in propulsion
applications. Distributed combustion may work just as efficiently,

provided that the reactants plus products are brought quickly to suf-
ficiently high temperature by mixing.'® Recycling wall-heat losses
to vaporize water may indeed obtain this goal. In any event, this
analysis suggests that Al-water flame anchoring in microrockets
should be further investigated.

Conclusions

In the first part of this paper we briefly analyzed the equilib-
rium performance (specific impulse, equilibrium temperature, and
composition in the combustion chamber) of Al and steam. Perfor-
mance of Al with H,O looks very promising for satellite/microrocket
propulsion. Operating at equivalence ratio O/F ~3 leads to tem-
perature ~2800 K and interesting specific impulse (~3000 m/s).
These temperatures are high but not forbidding and are beneficial in
keeping a flame anchored in microrocket chambers; wall heat losses
due to high chamber temperatures might be compensated by use to
regeneratively vaporize water before it enters the microcombustion
chamber. This scheme is more complex but is also more efficient.
Simplified calculations show that small particles (1 mm and below)
ensure heating times on the order of 415 ps and a mixing time of
10 s with a total heating and ignition delay time of about 10 us,
account being made for the presence of an Al,O; coat. Under these
conditions Al-H,O combustion looks like a remarkable alternative
to conventional propellant. The nontrivial question of how the motor
can be started will likely be answered by burning pure Al, that is,
before its Al,O3 coating may have time to form.

Appendix: Solution of Heating Equations
The general solution of Egs. (4) and (7) is

T, = Ty + Aerfe(x [2/a.7) (AD)
T, = T, — Berf(x /2/e. 7) (A2)

where A is a constant that satisfies boundary conditions (10) and

(4):
PT, 19T, AxeV /e
a2 o, 9T 27 (e 7)?

and B is a constant that satisfies boundary conditions (11) and (7):

32T 19T,

Bxexz/étoqr

9x? o 9T 2\/7?(061T)%

By replacing Eq. (8) with Eqgs. (1a) and (2a) an equation for X (t)
is obtained:

X X
Ty + Aerfe—— = T, — Berf
o+ Aerle 3ot ¢ © 2 /ot

Because Eq. (A3) has to be satisfied at all times, X must be propor-
tional to T/2; that is,

=T (A3)

X = 20 J@t (A4)

where A is a numerical constant to be found from Eq. (9).
The constants A and B are calculated using Eqs. (A3) and (A4):

_ Tm _TO

B erfc[k, / (oc,/ocj)]

and
B = (T, — T,,)/erfA
thus
Tty —m=T0 g X (AS)
erfe[Ay/(ar/a)] 2T
=1, — LI e X (A6)

erfch 2./a,T
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where the constant A is the solution of the equation

ALJT

C[(Tg - Tm)

e k [ T, — To e—(@/a)i?

erffh  k\ o T,—T, erfc[)»\/M] B
obtained using Egs. (9), (A4), (AS), and (A6). Equation (A7) was
solved by the Newton—Raphson method, and A was found to be

=—1.

(A7)
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Walter £. Hammond

sequel to the author’s earlier text, Space Transportation: A

Systems Approach to Analysis and Design. Reflecting a wealth
of experience by the author, both texts represent the most comprehen-
sive exposition of the existing knowledge and practice in the design and
project management of space transportation systems. The text discusses
new conceptual changes in the design philosophy away from multistage
expendable vehicles to winged, reusable launch vehicles, and presents

D esign Methodologies for Space Transportation Systems is a

an overview of the systems engineering and vehicle design process as
well as the trade-off analysis. Several chapters are devoted to specific
disciplines such as aerodynamics, aerothermal analysis, structures,
materials, propulsion, flight mechanics and trajectories, avionics, com-
puters, and control systems. The final chapters deal with human factors,
payload, launch and mission operations, and safety. The two texts by the
author provide a valuable source of information for the space transporta-
tion community of designers, operators, and managers. A CD-ROM
containing extensive software programs and tools supports the text.
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